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Introduction

• What to expect:

• Introduction to IB
• Introduction to IBAMR
• Run IBAMR examples
• Visualize IBAMR output
• Basic understanding of design, example layout, input file
• Basis to start exploring and considering implementation

• What not to expect:

• Expertise in IBAMR
• Expertise in C++
• Expertise in VisIt
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Lagrangian vs Eulerian Variables

• Fluid parcels are associated with
a label X.

• Velocity in a Lagrangian frame

∂χ(X, t)
∂t

• Spatial coordinates x are fixed.
• Eulerian velocity: u(x, t).

• We have that

∂χ(X, t)
∂t

= u(χ(X, t), t)

=

∫
Ω

u(x, t)δ(x − χ(X, t))dx
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Lagrangian vs Eulerian Variables

• Fluid parcels are associated with
a label X.

• Rates of change of a scalar
variable F is written as ∂

∂t F(X, t)

• Spatial coordinates x are fixed.
• Rates of change of a scalar

variable
f (x, t) = f (χ(X, t), t) = F(X, t):

d
dt

f (χ(X, t), t) =
∂f
∂t

+
∂χ

∂t
∂f
∂χ
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Lagrangian vs Eulerian Variables

• Fluid parcels are associated with
a label X.

• Rates of change of a scalar
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∂t F(X, t)

• Spatial coordinates x are fixed.
• Rates of change of a scalar

variable
f (x, t) = f (χ(X, t), t) = F(X, t):

d
dt
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∂
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Lagrangian vs Eulerian Variables

• We can define the acceleration of the fluid in two ways:
• Lagrangian:

∂2χ

∂t2

• Eulerian:
Du
Dt

=
∂u
∂t

+ u · ∇u

• The deformation gradient F = ∂χ
∂X maps line elements dX in the reference

configuration to line elements dx in the current configuration:

dx = F · dX

• Consider a cube being sheared.

F =

 1 0 0
γ 1 0
0 0 1


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Lagrangian vs Eulerian Variables

• Consider a cube being stretched (extensional deformation).

F =

 λ0 0 0
0 λ1 0
0 0 λ2



• For F to represent an incompressible deformation, we need λ0λ1λ2 = 1.
• The Jacobian J = detF measures volume changes:

dJ
dt

= (∇ · u)J

• Incompressible materials satisfy J = 1 or ∇ · u = 0.
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Cauchy Stress Tensor

• Stress measures the response of
material to strain.

• Traction on a surface with normal
n is

t = σ · n

• Net force on surface S

F =

∫
∂S

σ · ndS

• Conservation of angular
momentum:

σ = σT
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Conservation of Mass

• Consider a volume of fluid Ω(t)
with density ρ(x, t). Total mass:

M(t) =
∫
Ω(t)

ρ(x, t)dV

Ω(t)

• Conservation of mass:

0 =
d
dt

∫
Ω(t)

ρ(x, t)dVx =
d
dt

∫
Ω(0)

ρ(χ(X, t), t)JdVX

=

∫
Ω(0)

(
Dρ(χ(X, t), t)

Dt
+ ρ(χ(X, t), t)(∇ · u)

)
JdVX

=

∫
Ω(t)

(
Dρ(x, t)

Dt
+ ρ(x, t)(∇ · u)

)
dVx

• This holds for all material volumes:
Dρ

Dt
+ ρ(∇ · u) = 0 or

Dρ

Dt
= 0
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Momentum Equation

• Momentum of the fluid

p(t) =
∫
Ω(t)

ρ(x, t)u(x, t)dVx

• We have

d
dt

p(t) =
d
dt

∫
Ω(t)

(ρu)(x, t)dVx =
d
dt

∫
Ω(0)

(ρu)(χ(X, t), t)JdVX

=

∫
Ω(0)

(
Dρ

Dt
u + ρ

Du
Dt

+ ρu(∇ · u)
)

JdVX

=

∫
Ω(0)

ρ
Du
Dt

JdVX =

∫
Ω(t)

ρ
Du
Dt

(x, t)dVx
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Momentum Equation

• Forces on fluid:
• External body forces f, e.g. gravity.
• Surface forces t = n · σ e.g. viscous or elastic forces.
• σ is the Cauchy stress tensor.

• Rate of change of momentum:

d
dt

p(t) =
∫
Ω(t)

ρ
Du
Dt

dVx

• Forces on fluid:∫
Ω(t)

fdVx +

∫
∂Ω(t)

tdSx

• Newton’s second law:∫
Ω(t)

ρ
Du
Dt

dVx =

∫
Ω(t)

fdVx +

∫
∂Ω(t)

tdSx

or
ρ

Du
Dt

= f +∇ · σ
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Newtonian Fluids

• Different fluids of interest reduce to specifying a constitutive equation for
σ.

• We first decompose the stress into hydrostatic pressure p and the
deviatoric stress τ.

σ = −pI + τ

• In Newtonian fluids, the deviatoric stress τ is linear in the rate of strain
and the fluid is isotropic.

• Velocity gradient:

∂

∂t
F =

∂

∂t
∂x
∂X

=
∂u
∂x

∂x
∂X

= ∇u · F

• Extensional and shear flows:

∇u =

 ϵ̇1 0 0
0 ϵ̇2 0
0 0 ϵ̇3

 , ∇u =

 0 0 0
γ̇ 0 0
0 0 0



• Rate of strain:

γ̇ =
(
∇u + (∇u)T)

• Vorticity tensor:

ω =
(
∇u − (∇u)T)
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Newtonian Fluids

• Different fluids of interest reduce to specifying a constitutive equation for
σ.

• We first decompose the stress into hydrostatic pressure p and the
deviatoric stress τ.

σ = −pI + τ

• In Newtonian fluids, the deviatoric stress τ is linear in the rate of strain
and the fluid is isotropic.

• Rate of strain:

γ̇ =
(
∇u + (∇u)T)

• Vorticity tensor:

ω =
(
∇u − (∇u)T)

• Navier-Stokes equations:

ρ

(
∂u
∂t

+ u · ∇u
)

= ∇ · σ

σ = −pI + µγ̇, ∇ · u = 0

or that

ρ

(
∂u
∂t

+ u · ∇u
)

= −∇p + µ∆u
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Immersed Boundary Methods

• Consider a thin, massles boundary immersed in the fluid.
• Track the interface in Lagrangian coordinates:

• Velocity:
∂χ(X, t)

∂t
=

∫
Ω

u(x, t)δ(x − χ(X, t))dx

• Elastic energy:
E[χ] → Depends on deformation!

• Forces are given by derivative of energy

δE =

∫
−FδχdX

• Ex: Let q parameterize χ(q, t). Suppose

E =

∫
k
2

(∣∣∣∣∂χ∂q

∣∣∣∣− 1
)2

dq,

Energy is minimized when tangent vector is magnitude 1
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Immersed Boundary Methods

• Forces are given by derivative of energy and q parameterizes χ(q, t),

δE =

∫
−Fδχdq, E =

∫
k
2

(∣∣∣∣∂χ∂q

∣∣∣∣− 1
)2

dq

• Then

δE =

∫
δ

[(∣∣∣∣∂χ∂q

∣∣∣∣− 1
)2
]

dq

=

∫
k
(∣∣∣∣∂χ∂q

∣∣∣∣− 1
)

∂χ/∂q
|∂χ/∂q|

∂

∂q
δχdq

=

∫
− ∂

∂q

(
k
(∣∣∣∣∂χ∂q

∣∣∣∣− 1
)

∂χ/∂q
|∂χ/∂q|

)
δχdq

• This gives us that

F =
∂

∂q

(
k
(∣∣∣∣∂χ∂q

∣∣∣∣− 1
)

∂χ/∂q
|∂χ/∂q|

)
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Immersed Boundary Methods

• Consider a thin massless interface.
• Structure moves according to local velocity

∂χ

∂t
=

∫
Ω

u(x, t)δ(x − χ(X, t))dx

• Lagrangian force density is

F(X, t) =
δE
δχ

• Eulerian force density is

f(x, t) =
∫
Γ

F(X, t)δ(x − χ(X, t))dX
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Immersed Boundary Methods

• The structure is immersed in a fluid

∂u
∂t

+ u · ∇u = ∇ · σ + f

∇ · u = 0
∂χ

∂t
=

∫
Ω

u(x, t)δ(x − χ(X, t))dx

f(x, t) =
∫
Γ

F(X, t)δ(x − χ(X, t))dX
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Immersed Boundary Methods

• IB equations:

∂u
∂t

+ u · ∇u = ∇ · σ + f

∇ · u = 0
∂χ

∂t
=

∫
Ω

u(x, t)δ(x − χ(X, t))dx

f(x, t) =
∫
Γ

F(X, t)δ(x − χ(X, t))dX

• Solution strategy:
• Explicit structure, implicit fluid
• Move structure by interpolating velocity
• Compute forces from structure deformation
• Spread forces to Eulerian grid
• Solve Navier-Stokes equations
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Immersed Boundary Methods

• IB equations:
∂u
∂t

+ u · ∇u = ∇ · σ + f

∇ · u = 0
∂χ

∂t
=

∫
Ω

u(x, t)δ(x − χ(X, t))dx

f(x, t) =
∫
Γ

F(X, t)δ(x − χ(X, t))dX

• Navier-Stokes solution
• Discretize operators with centered differences on MAC grid.
• Discretize using forward and backward Euler

un+1 − un

∆t
+ un · ∇hun = −∇hpn+1 + µ∆hun+1 + fn

∇h · un+1 = 0

• Linear system to solve for un+1 and pn+1.
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Immersed Boundary Methods

• IB equations:

∂u
∂t

+ u · ∇u = ∇ · σ + f

∇ · u = 0
∂χ

∂t
=

∫
Ω

u(x, t)δ(x − χ(X, t))dx

f(x, t) =
∫
Γ

F(X, t)δ(x − χ(X, t))dX

• Lagrangian discretization:
• Structure is point cloud (or FE mesh): about 1 Lagrangian point per Eulerian

grid cell.
• Assume F = k ∂2χ

∂X2 : tension corresponding to zero rest length springs
• Forward Euler discretization

χn+1 = χn +∆tun(χn)

Fn
ℓ = k

χn
ℓ+1 − 2χn

ℓ + χn
ℓ−1

∆X2
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Immersed Boundary Methods

• IB equations:

∂u
∂t

+ u · ∇u = ∇ · σ + f

∇ · u = 0
∂χ

∂t
=

∫
Ω

u(x, t)δ(x − χ(X, t))dx

f(x, t) =
∫
Γ

F(X, t)δ(x − χ(X, t))dX

• Interaction equations:
• Replace singular delta function with regularized delta function

δ(x) = δ(x)δ(y) ≈ δh(x) = δh(x)δh(y)
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Immersed Boundary Methods

• IB equations:
∂u
∂t

+ u · ∇u = ∇ · σ + f

∇ · u = 0
∂χ

∂t
=

∫
Ω

u(x, t)δ(x − χ(X, t))dx

f(x, t) =
∫
Γ

F(X, t)δ(x − χ(X, t))dX

• Interaction equations:
• Replace singular delta function with regularized delta function

δ(x) = δ(x)δ(y) ≈ δh(x) = δh(x)δh(y)

• Interpolation:
U(Xℓ) =

∑
i,j

u(xi,j)δh(xi,j − χ(Xℓ))∆x2

• Spreading:
f(xi,j) =

∑
ℓ

F(Xℓ)δh(xi,j − χ(Xℓ))∆X
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IBAMR

• Immersed Boundary Adaptive Mesh Refinement (IBAMR) is
• MPI parallelized: scalable to hundreds of cores
• Adaptive: can tag cells based on IB location, vorticity, etc.
• Generalizable: Support for different fluid models, multiple structure types,

FSI strategies, Lagrangian discretizations
• Easy to install: autoibamr will build on most systems
• Easy to use: YMMV, but developers are reachable

• ibamr.github.io
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IBAMR

• IB Method requires:
• Integrating fluid
• Integrating

structural
• Coupling operators

• Key principles:
• Eulerian patch hierarchy
• Integrator classes
• IB model, forces, and initial position
• Input file

• First example: IB/explicit/ex1: stretched elastic membrane, v0.16.0
• Elastic springs with zero rest length between each Lagrangian point
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IBAMR

• IB Method requires:
• Integrating fluid
• Integrating

structural
• Coupling operators

• Key principles:
• Eulerian patch hierarchy
• Integrator classes
• IB model, forces, and initial position
• Input file

• The PatchHierarchy<NDIM> object maintains all Eulerian data.
• The StandardTagAndInitialize<NDIM> and
GriddingAlgorithm<NDIM> objects manages AMR and regridding.

example.cpp
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IBAMR

• IB Method requires:
• Integrating fluid
• Integrating

structural
• Coupling operators

• Key principles:
• Eulerian patch hierarchy
• Integrator classes
• IB model, forces, and initial position
• Input file

• HierarchyIntegrator objects can integrate specific equations
• INSStaggeredHierarchyIntegrator and
IBExplicitHierarchyIntegrator are the most important for IB

example.cpp
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IBAMR

• IB Method requires:
• Integrating fluid
• Integrating

structural
• Coupling operators

• Key principles:
• Eulerian patch hierarchy
• Integrator classes
• IB model, forces, and initial position
• Input file

• Each IB model has a different class, e.g. IBMethod, IBFEMethod, etc.
• Initialize and setup force generator

example.cpp
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IBAMR

• IB Method requires:
• Integrating fluid
• Integrating

structural
• Coupling operators

• Key principles:
• Eulerian patch hierarchy
• Integrator classes
• IB model, forces, and initial position
• Input file

• IBStandardForceGen has support for many standard elastic structures

Spring (.spring): Fi = κ
|Xi − Xj| − R0

|Xi − Xj|
(Xi − Xj)

Fj = −κ
|Xi − Xj| − R0

|Xi − Xj|
(Xi − Xj)

Beams (.beam): F = K(Xj + Xk − 2Xi)− γ

Fi = 2F, Fj = −F, Fk = −F
Target (.target): Fi = κ(X0 − Xi)− EUi

• Note: Scaling for ∆X is not considered here. Discretization for spreading
depends on dimension of structure (1/2/3D?)

• Final factor for ∆X should be provided in coefficients.
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IBAMR

• IB Method requires:
• Integrating fluid
• Integrating

structural
• Coupling operators

• Key principles:
• Eulerian patch hierarchy
• Integrator classes
• IB model, forces, and initial position
• Input file

• Input file is parsed and provides runtime setup
• Set physical parameters (viscosity, density)

input2d
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IBAMR

• IB Method requires:
• Integrating fluid
• Integrating

structural
• Coupling operators

• Key principles:
• Eulerian patch hierarchy
• Integrator classes
• IB model, forces, and initial position
• Input file

• Each IB model has a different class, e.g. IBMethod, IBFEMethod, etc.
• Input file specifies structure name and level placement.

input2d
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IBAMR

• IB Method requires:
• Integrating fluid
• Integrating

structural
• Coupling operators

• Key principles:
• Eulerian patch hierarchy
• Integrator classes
• IB model, forces, and initial position
• Input file

• Each IB model has a different class, e.g. IBMethod, IBFEMethod, etc.
• IB structures can be setup as text files. Details on format can be found
ibamr.github.io/docs: search for IBStandardInitializer

curve2d_64.springcurve2d_64.vertex
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IBAMR

• Use VisIt or Paraview to visualize data
• dumps.visit contains Eulerian data, lag_data.visit contains

Lagrangian data
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IBAMR

• To use AMR, increase MAX_LEVELS.
• GRADIENT_DETECTOR will refine based on IB location and vorticity

values. Add REFINE_BOXES to specify portion of domain, see
navier_stokes/ex0. Change MAX_LEVELS=2.

• Note: Make sure structure is refined as well: set structure to
curve2d_256
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Choice of IB Kernel

• Example:
IB/explicit/ex0:

u(x, 0) = 0,
χ(θ, 0) = (X0,Y0) + R(cos θ, sin θ),

F(θ, 0) = κ
∂2χ

∂θ2

p(x, 0) = κH(∥x − (X0,Y0)∥) + C

• Same as ex1, but exact initial
conditions.

• Note: Despite exact initial
conditions, spurious flows
around structure

• One problem: Discrete interpolated
velocities are not divergence free.

∇h · u = 0 ≠⇒

∇h·
∑

i,j

ui,jδh(xi,j − χ)h2 = 0

• Another problem: f corresponds to a
gradient (pressure)

f =
∫

F(θ)δ(x − χ)dθ = ∇ϕ

but∫
F(θ)δh(x − χ)dθ ̸= ∇hϕ

• Change IB_4 to
COMPOSITE_BSPLINE_54

Aaron Barrett Immersed Boundary Tutorial Part 1



Choice of IB Kernel

• Example:
IB/explicit/ex0:

u(x, 0) = 0,
χ(θ, 0) = (X0,Y0) + R(cos θ, sin θ),

F(θ, 0) = κ
∂2χ

∂θ2

p(x, 0) = κH(∥x − (X0,Y0)∥) + C

• Same as ex1, but exact initial
conditions.

• Note: Despite exact initial
conditions, spurious flows
around structure

• One problem: Discrete interpolated
velocities are not divergence free.

∇h · u = 0 ≠⇒

∇h·
∑

i,j

ui,jδh(xi,j − χ)h2 = 0

• Another problem: f corresponds to a
gradient (pressure)

f =
∫

F(θ)δ(x − χ)dθ = ∇ϕ

but∫
F(θ)δh(x − χ)dθ ̸= ∇hϕ

• Change IB_4 to
COMPOSITE_BSPLINE_54
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Choice of IB Kernel

• Example:
IB/explicit/ex0:

u(x, 0) = 0,
χ(θ, 0) = (X0,Y0) + R(cos θ, sin θ),

F(θ, 0) = κ
∂2χ

∂θ2

p(x, 0) = κH(∥x − (X0,Y0)∥) + C

• Same as ex1, but exact initial
conditions.

• Note: Despite exact initial
conditions, spurious flows
around structure

• One problem: Discrete interpolated
velocities are not divergence free.

∇h · u = 0 ≠⇒

∇h·
∑

i,j

ui,jδh(xi,j − χ)h2 = 0

• Another problem: f corresponds to a
gradient (pressure)

f =
∫

F(θ)δ(x − χ)dθ = ∇ϕ

but∫
F(θ)δh(x − χ)dθ ̸= ∇hϕ

• Change IB_4 to
COMPOSITE_BSPLINE_54
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Choice of IB Kernel

• Example:
IB/explicit/ex0:

u(x, 0) = 0,
χ(θ, 0) = (X0,Y0) + R(cos θ, sin θ),

F(θ, 0) = κ
∂2χ

∂θ2

p(x, 0) = κH(∥x − (X0,Y0)∥) + C

• Same as ex1, but exact initial
conditions.

• Note: Despite exact initial
conditions, spurious flows
around structure

• One problem: Discrete interpolated
velocities are not divergence free.

∇h · u = 0 ≠⇒

∇h·
∑

i,j

ui,jδh(xi,j − χ)h2 = 0

• Another problem: f corresponds to a
gradient (pressure)

f =
∫

F(θ)δ(x − χ)dθ = ∇ϕ

but∫
F(θ)δh(x − χ)dθ ̸= ∇hϕ

• Choice of delta function can
dramatically affect results

• Change IB_4 to
COMPOSITE_BSPLINE_54

Aaron Barrett Immersed Boundary Tutorial Part 1



Choice of IB Kernel

• Example:
IB/explicit/ex0:

u(x, 0) = 0,
χ(θ, 0) = (X0,Y0) + R(cos θ, sin θ),

F(θ, 0) = κ
∂2χ

∂θ2

p(x, 0) = κH(∥x − (X0,Y0)∥) + C

• Same as ex1, but exact initial
conditions.

• Note: Despite exact initial
conditions, spurious flows
around structure

• One problem: Discrete interpolated
velocities are not divergence free.

∇h · u = 0 ≠⇒

∇h·
∑

i,j

ui,jδh(xi,j − χ)h2 = 0

• Another problem: f corresponds to a
gradient (pressure)

f =
∫

F(θ)δ(x − χ)dθ = ∇ϕ

but∫
F(θ)δh(x − χ)dθ ̸= ∇hϕ

• Change IB_4 to
COMPOSITE_BSPLINE_54
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Slender Body Models

• Track the centerline of the rod, denoted by χ.
• Introduce director vectors that account for twist of body.
• Use rod theories to describe both force and torque on thin bodies.

ρ
Du
Dt

= ∇ · σ + f(x, t) +
1
2
∇× n(x, t)

∇ · u(x, t) = 0

f(x, t) =
∫
Ω

F(s, t)ϕ(x − χ(s, t))ds

n(x, t)=
∫
Ω

N(s, t)ϕ(x − χ(s, t))ds

∂χ

∂t
(s, t) =

∫
U

u(x, t)ϕ(x − χ(s, t))dx

∂Di

∂t
(s, t)=

(
1
2

∫
U
∇× u(x, t)ϕ(x − χ(s, t))dx

)
× Di(s, t)
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Slender Body Models

• Track the centerline of the rod, denoted by χ.
• Introduce director vectors that account for twist of body.
• Use rod theories to describe both force and torque on thin bodies.

F(s, t) and N(s, t) come from a energy formulation:

Etwist =
1
2

∫ L

0
a3 (Ω3 − τ1)

2 ds

Ebend =
1
2

∫ L

0

(
a1 (Ω1 − κ1)

2
+ a2 (Ω2 − κ2)

2
)

ds

Eshear =
1
2

∫ L

0

(
b1

(
∂χ

∂s
· D1

)2

+ b2

(
∂χ

∂s
· D2

)2
)

ds

Estretch =
1
2

∫ L

0
b3

(
∂χ

∂s
· D3 − 1

)2

ds

with Ω1 = ∂D2

∂s · D3, Ω2 = ∂D3

∂s · D1, Ω3 = ∂D1

∂s · D2.
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Slender Body Models

• Example: IB/explicit/ex4: twisted elastic ring
• Register a GeneralizedIBMethod object with the integrator.
• Physical parameters specified in input files.
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Slender Body Models

• Example: IB/explicit/ex4: twisted elastic ring
• Register a GeneralizedIBMethod object with the integrator.
• Physical parameters specified in input files.
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Viscoelastic Fluid Models

• Viscoelastic fluids exhibit both elastic and viscous responses to forces.

Springs:
σ = Gγ

Dashpot:
σ = µγ̇

Maxwell Element:

σ̇ =
µ

λ
γ̇ − 1

λ
σ

λ =
µ

G

Kelvin-Voigt:

σ = Gγ + µγ̇
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Viscoelastic Fluid Models

• Viscoelastic fluids exhibit both elastic and viscous responses to forces.

Springs:
σ = Gγ

Dashpot:
σ = µγ̇

Maxwell Element:

σ̇ =
µ

λ
γ̇ − 1

λ
σ

λ =
µ

G

Kelvin-Voigt:

σ = Gγ + µγ̇
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Viscoelastic Fluid Models

• Maxwell model:

λ
▽τp = ηγ̇ − τp

• Oldroyd type models: let σ = −pI + µsγ̇ + τp
• Oldroyd-B model:

τp + λ
▽τp = µγ̇

• Upper-convected derivative:

▽τ = λ

(
∂τ
∂t

+ u · ∇u −∇u · τ − τ · ∇uT
)

• Giesekus model:
τp + λ

▽τp + α
λ

µp
τp · τp = µγ̇

• Here, τp · τp is an anisotropic drag term
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Viscoelastic Fluid Models

• Maxwell model:

λ
▽τp = ηγ̇ − τp

• Oldroyd type models: let σ = −pI + µsγ̇ + τp
• Oldroyd-B model:

τp + λ
▽τp = µγ̇

• Upper-convected derivative:

▽τ = λ

(
∂τ
∂t

+ u · ∇u −∇u · τ − τ · ∇uT
)

• Giesekus model:
τp + λ

▽τp + α
λ

µp
τp · τp = µγ̇

• Here, τp · τp is an anisotropic drag term
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Models of Viscoelastic Fluids

• Complete Model:

ρ

(
∂u
∂t

+ u · ∇u
)

= ∇ · σ + f

∇ · u = 0
σ = −pI + µsγ̇ + τ

λ
▽τ = µpγ̇ − τ

• Relevant dimensionless numbers:

Re =
ρUL
µ

, Wi = γ̇λ, De =
λ

tp

• Example: examples/complex_fluids/ex2, flow past a confined
cylinder.

• Note: set OUTPUT_STRAIN = FALSE.
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Complex Fluids in IB Methods

• Example: examples/complex_fluids/ex2
• Advect a stress tensor, apply an extra force to momentum
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Complex Fluids in IB Methods

• Example: examples/complex_fluids/ex2
• Impose no motion by applying force F = κ

(
χ0 − χ

)
− η ∂χ

∂t
• As κ → ∞, we must have that χ → χ0.
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Immersed Boundary Method

L1 rate L2 rate L∞ rate
u 1.693 1.470 1.020
τxx 1.173 0.537 -0.093
τxy 1.341 0.632 0.130
τyy 1.254 0.872 0.017
p 1.275 1.204 -0.541

• Drag coefficient

Cd =

∫
Γ

σ · n · exds

• IB stresses fail to
converge
pointwise!

Mfac = 1
2 BS3 IB3 PL IB4 IB6

Coarse 6.15% 9.55% 12.92% 10.50% 11.16%
Medium 2.78% 4.11% 5.39% 4.73% 5.02%
Fine 1.39% 2.04% 2.71% 2.32% 2.38%
Mfac = 1
Coarse 5.45% 6.20% 4.77% 9.51% 11.16%
Medium 2.61% 2.92% 2.54% 4.37% 5.02%
Fine 1.24% 1.42% 1.19% 2.07% 2.38%
Mfac = 2
Coarse 4.57% 5.86% 1.57% 9.06% 11.16%
Medium 2.12% 2.66% 1.03% 4.16% 5.02%
Fine 1.01% 1.28% 0.46% 1.99% 2.38%
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Immersed Boundary Method

ρ
Du(x, t)

Dt
= ∇ · σ(x, t) + f(x, t)

∇ · u(x, t) = 0

f(x, t) =
∫
Γ0

F(X, t)δ(x − χ(X, t))dX

∂χ(X, t)
∂t

=

∫
Ω

u(x, t)δ(x − χ(X, t))dx
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Immersed Boundary Method

ρ
Du(x, t)

Dt
= ∇ · σ(x, t) + f(x, t)

∇ · u(x, t) = 0

JσK · n = −FJ−1

∂χ(X, t)
∂t

=

∫
Ω

u(x, t)δ(x − χ(X, t))dx

• Singular delta function induces jumps
in the stress.

• Regular finite differences have O (1)
errors for discontinuous variables

• Immersed Interface: replace δh with
corrected differences.
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Immersed Boundary Method

ρ
Du(x, t)

Dt
= ∇ · σ(x, t) + f(x, t)

∇ · u(x, t) = 0

JσK · n = −FJ−1

∂χ(X, t)
∂t

=

∫
Ω

u(x, t)δ(x − χ(X, t))dx

• If ϕ(x) has a discontinuity at
x̂ ∈

[
xi+ 1

2
, xi+1

]
, then

∂ϕ

∂x

(
xi+ 1

2

)
=

ϕi+1 − ϕi

h

− 1
h

2∑
m=0

(xi+1 − x̂)m

m!

s
∂mϕ

∂xm

{
(x̂) +O

(
h2)
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Immersed Boundary Method

L1 rate L2 rate L∞ rate
u 1.693 1.470 1.020
τxx 1.173 0.537 -0.093
τxy 1.341 0.632 0.130
τyy 1.254 0.872 0.017
p 1.275 1.204 -0.541

• Drag coefficient

Cd =

∫
Γ

σ · n · exds

• IB stresses fail to
converge
pointwise!

• Averaged
quantities are
accurate.

Mfac = 1
2 BS3 IB3 PL IB4 IB6

Coarse 6.15% 9.55% 12.92% 10.50% 11.16%
Medium 2.78% 4.11% 5.39% 4.73% 5.02%
Fine 1.39% 2.04% 2.71% 2.32% 2.38%
Mfac = 1
Coarse 5.45% 6.20% 4.77% 9.51% 11.16%
Medium 2.61% 2.92% 2.54% 4.37% 5.02%
Fine 1.24% 1.42% 1.19% 2.07% 2.38%
Mfac = 2
Coarse 4.57% 5.86% 1.57% 9.06% 11.16%
Medium 2.12% 2.66% 1.03% 4.16% 5.02%
Fine 1.01% 1.28% 0.46% 1.99% 2.38%
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Conclusions

• Derived conservation of mass and momentum equations
• Developed the IB equations:

• Lagrangian structure moves at local fluid velocity
• Deformations induce elastic forces which are applied to momentum equation
• Fluid viscosity exists throughout entire domain.

• IBAMR provides a framework to implement different IB strategies
strategies
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